We prove that, for each longest cycle in a 2-connected triangle-free graph G of minimum valence 6 on at most 66 -6 vertices, G -C has at most one edge. It follows that such a graph contains a longest cycle which is also dominating.
INTRODUCTION
We consider only finite simple graphs. Given a graph G and a subgraph K of G, V(K) denotes the vertex set of K, and the subgraph of G induced bY W)-W) is denoted by G-K or by G -V(K). We abbreviate IK( := 1 V( K)I. Cycles and paths in G are considered as subgraphs of G. In particular, IQ/ := I V(Q)1 f or a path Q. A cycle C in G is dominating if G -C has no edge. While considering a graph G and its subgraphs, 6 denotes the minimum valence of G.
In this paper we shall prove THEOREM 1.1. Let C be a longest cycle in the 2-connected triangle-free graph G. If I GI < 66 -6, then G -C cannot have two edges.
In fact, we will separately prove the following two propositions. G is a 2-connected bipartite graph and each set in the bipartition has at most 36 -3 vertices, then G contains a longest cycle which is also dominating. Later, P. Ash [ 1, Theorem 2.1(i)] further proved that given such a graph G, G -C consists entirely of components H such that 1 HI d 2.
As a consequence of Theorem 1.1, we obtain COROLLARY 1.4. A 2-connected triangle-free graph G with 1 G 1 < 66 -6
contains a longest cycle which is also dominating.
The examples in [2] show that the upper bound 66 -6 in Theorem 1.1 cannot be improved to 66 -4, and that a longest cycle in a bipartite graph on n > 46 + 4 vertices is not necessarily dominating.
In a forthcoming paper, Theorem 1.1 will be used in proving that every longest cycle in a 2-connected b-regular bipartite graph on at most 66 -6 vertices is dominating.
We mention that the existence of cycles C in a graph G such that G -C has only small components was studied by H. J. Veldman [S, 93, P. Fraisse [4] , and J. A. Bondy and G. Fan [3] , though the cycles constructed in those papers are not necessarily longest cycles, and that the existence of a (not necessarily longest) dominating cycle in a 2-connected triangle-free graph G with IGI \< 66 -5 can easily be deduced from a theorem of H. J. Veldman [S, Theorem 31.
PRELIMINARIES
Let G be a graph, u and 21 distinct vertices of G, and K a subgraph of G. We shall write "u-u" to indicate that u and u are adjacent. If H is a subgraph of G then the set (w E V(K): w N y for some y E V(H) > will be denoted by NK( H) or N, V(H). Abbreviate I NK( u)l to dK( u) and d,(u) to d(v). A uv-path is a path joining y and U. If (u, U} c V(K) and K is connected, then a longest uu-path P with V(P) c V(K) will be denoted by LK( u -u).
If P is a path in G and H is a component of G -P, then PH denotes the longest subpath of P with terminal vertices in N,(H). For vertices a, b on P, let P [a, b] denote the subpath of P with terminal vertices a and b (with the order from a to b if necessary).
Let C be a cycle in G and X, y two distinct vertices on C. After designating the orientation of C, [x, y] denotes the segment (path) of C joining x and y such that the orientation of the segment from x to y is the same as that of C; [x, y) and (x, y) denote the paths [x, y] -y and [x, y ] -(x, y }, respectively. Proox By induction on I GI. Let H be a component of G -P, and label KW) = (x,, x2, . . . . x,} according to the order on P from a to b. Since G is 2-connected, s 2 2. Since P is a longest ab-path, xi+ 1 is not the successor of Xi. Therefore, I PHI 2 2s -1 + IP[Xi, Xi+ 1]l -3 for any i < S. Since the result is immediate if I HI = 1, we assume that ) HI > 2.
If G -PH # H, then the subgraph H* of G induced by V(H) u V( P") is a 2-connected triangle-free proper subgraph of G in which PH is a longest x1 x,-path. By the induction hypothesis, I PHI 2 2d,*(v) -1 = 2d(v) -1 for some v E V(H).
If H contains a cut vertex, choose a longest path Q = Q[c, , c,] in H whose terminal vertices are cut vertices of H (may be c, = c,). Further determine two distinct components K, of H-c1 and K, of H-c2 such that K, and K, contain no vertex of Q. Since G is 2-connected, NP( K, ) # 0 # NP(K2). Notice that, for h = 1 and 2, the subgroup Kz of G induced by V(K,) u { ch} is a triangle-free block.
Label N,(K, u K2) = {z, , z2, . . . . z,) according to the order on P from a to b.
First assume q > 2. There is some j < q such that zi E NP(K1) and zi + I E NP( K2) or else zj E NP( K2) and zj + 1 E NP( K, ), say w 1 E NK,(zj) and w2 E NK2(zj + 1). Let Qh be a longest w,c,-path in H, for h = 1,2. First assume / Ql = I HI. Since I Ql > 2 and G is triangle-free, there is some VE V(Q) such that dp(u) < 1. By Lemma 2. Since IPHI >lQ*l and &+(U)=&(U) for every UE V(H),
Let G be a 2-connected triangle-free graph. Suppose that for some longest cycle C' in G, there is a component H', in G -C', such that I H'I 2 3. Among all pairs C', H' such that C' is a longest cycle and H' is a component of G -C' with I H'I 2 3, we choose one for which I H'I is as small as possible, and denote it by C, H.
We shall prove this proposition by a discussion on the structure of H. First we shall discard easily the case when I HI = 3, then treat in two separate proofs the case where H is 2-connected, and the case where H admits a cut-vertex.
Choose an otientation of C and fix it throughout the proof. Since 1 HI 2 3 and G is 2-connected, (GI 2 9; assume, therefore, 6 2 3. ProoJ: Suppose I HI = 3. Then, H is a path (star) on three vertices, for it is triangle-free. Let u1 and u2 be the two terminal vertices and u the middle vertex of H. Label N,{u,, 2} = { y,, y2, . . . . JJ,.} in the orientation around C (the subscripts of y will be reduced modulo r). Notice that r 2 2 since 6 2 3. One can easily check, using the maximality of I Cl, that IL-Vi, Yi+J =+24.,,,.,+,,(4 for every yi (1) and
As G is triangle-free, N,(u) n N,{u,, u2} = 0 and hence d,(u) = CT= 1 4.w,+,, (u). Accordingly, using (1) and (2),
Iw~,~-w~,)l
Therefore, IGI 2 IHl + ICI b 66 -5. 1
In view of Claim 3.1, we assume, from now on, that I HI 2 4. Before we check other cases, we shall develop some estimates for IGI in which valences of two distinct vertices are involved.
In the following part, u1 and u2 will be two distinct vertices in H which are not cut vertices of H, and Q a path (containing at least two vertices) in H. In connection with ul, u2, and Q, the following notation will be used ifK-(ul)Z0ZK4~2) We shall later consider several cases in which we will choose vl, u2, and Q in such a way that q, ro, Ye, y2, rll , and r22 are non-negative and 1 HI -1 Q ( + 3q + y. + y1 + r2 + y1 1 + r22 is sufficiently large. We then obtain the required inequality. Our next task is to find ul , u2, and Q which produce a sufficiently large (IHI-lQl)+3q+(ro+rl+r2+r,,+r2,).
The method of choosing u1,v2, and Q is based on the method that H. A. Jung used to prove Lemma 3.2 in [6] . Suppose u E NQ,(K, ) and w E NQ,(K2) where K1 and K2 are components of H -Qj. Since Qj is a longest ujwj-path in H and H is 2-connected, Kl f K2, N&G I= { u, wj), and NQ,(K2) = (ujy w >. But, we then obtain a ujw,-path which passes through K,, w, u, and K,, contradicting the fact that Q, is a longest ujwj-path in H. We therefore have N,-e,(u) = @ or N H _ Q,( w) = 0. Without loss of generality let N,-a,(u) = 0. Then, dH( u) = 2 because H is triangle-free. Choose u as u, . 
We next show that IG-(CuH)I b IAl.
As in Case 5.2 of Part I, one can see that, for each tiE A, N G--(CuN)((ti, ti+l)) Z Da Assume that x on (ti, ti+l) and .Y on (tl, t/+1) have a common neighbour u E V(G -(C u H)), where ti and t, are distinct
